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Abstract—The laminar flow and heat transfer on a flat plate subjected to nonuniform velocity and
temperature profiles in the approaching free stream have been analyzed. The plate is situated in the
laminar wake of an upstream plate. The extent of the approach-flow nonuniformities depends on the
streamwise length of the wake relative to the length of the upstream plate. It was found that the effect
of the nonuniformities is to reduce the wall shear and heat transfer on the downstream plate relative
to their values for a uniform approach flow. Reductions of up to fifty percent were encountered. The
extent of the reductions diminishes with increasing downstream distance, but non-negligible effects
persist to a considerable length along the plate.

NOMENCLATURE

D, drag force;

L, length of upstream plate, Fig. 1;

Pr, Prandtl number;

Q. overall heat-transfer rate;

q, local heat flux;

S, spacing between plates, Fig. 1;

T, temperature,

T,,  wall temperature;

T,, temperature of stream approaching
upstream plate;

U,, velocity of stream approaching upstream
plate;

u,v, velocity components;

x,y, coordinates.

Greek symbols

v, kinematic viscosity;

0, density;

1, wall shear stress.

Subscript

0, approach flow with uniform velocity and

temperature.

INTRODUCTION AND BACKGROUND

IN THE analysis of flat plate boundary layers, it is usual
to assume that the velocity and temperature of the
upstream approach flow are uniform. This model is
appropriate to situations where there are no upstream
surfaces (e.g. plates, cylinders) to distort the otherwise
uniform flow and temperature distributions. On the
other hand, when such upstream surfaces are present,
there may be substantial nonuniformities of velocity
and temperature in the flow approaching the leading
edge of the flat plate. Such nonuniformities will affect
the velocity and thermal boundary-layer development
on the plate, with corresponding effects on the wall
shear and heat transfer.

In this paper, we are concerned with laminar flow
and heat transfer on a flat plate in a hydrodynamically
and thermally nonuniform approach flow. Specific con-
sideration is given to a plate situated in the laminar
wake of an upstream plate, as pictured in the lower
portion of Fig. 1. As shown there, a fluid with uniform
approach velocity U, and temperature T,, flows past
an upstream plate of length L. Downstream of this
plate, there is a gap followed by a second plate of
indefinite length. The spacing between the two plates
is §.

The temperature T, of the first plate differs from
T, so that the presence of the plate induces a thermal
boundary layer as well as a velocity boundary layer.
The velocity and temperature profiles associated with
these boundary layers are modified by convection and
diffusion in the wake. Consequently, the extent of the
profile nonuniformity in the flow arriving at the second
plate depends on the streamwise length of the wake
region. In general, the longer the wake region, the
more uniform are the profiles in the arriving flow.

The main concern of this study is to determine the
hydrodynamic and thermal response of the second
plate (whose temperature is also T,) to the afore-
mentioned profile nonuniformities. To facilitate the
identification of the effect of the nonuniformities, the
heat-transfer and skin friction results are plotted as
ratios with their counterparts for a flow having uniform
approach-flow profiles (i.c. Blasius flow). These ratios
are independent of the Reynolds number but are
dependent on the relative spacing S/L between the
plates. By examining the departures of these ratios from
unity, the region of the plate that is affected by the
approach-flow profile nonuniformities can be deter-
mined.

The complexity of the problem precludes similarity-
type.solutions. A finite-difference method was em-
ployed to obtain the solutions and results, which
depend on the geometric parameter S/L and on the
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FiG. 1. Lower portion: schematic diagram of the flow configuration. Graph: response of the local wall
shear and local heat flux to nonuniformities in the approach flow.

Prandtl number (which was assigned a value of 0.7).
The finite difference computations extended over the
first plate and the wake, as well as the second plate.

It does not appear that boundary-layer prob-
lems of the type considered here have been previously
treated in the literature. It is, however, relevant to take
note of previous studies of the velocity field in the
laminar wake downstream of a flat plate. In the early
analyses (summarized in [1] and [2]), the wake flow
was assumed to obey the conventional boundary layer
equations (i.e. Goldstein model). More recently, it has
been demonstrated that this simple boundary layer
model is not able to provide an accurate description
of the flow in the immediate neighborhood of the trail-
ing edge of the plate (references [3] and [4] are
representative of an extensive literature). On the other
hand, with increasing distance downstream from the
trailing edge, the results from the simple model become
increasingly more accurate.

By employing the results of [4] the accuracy of the
wake velocities from the simple boundary-layer model
can be estimated. The downstream distance from the
trailing edge required to attain 2%, accuracy in the
velocity at the wake centerline (y =0) can be cal-
culated from
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where U, L/v is the plate Reynolds number. For
Reynolds numbers of 10* and 10, the respective S/L
values are about 1.5 and 0.6. At larger S/L, progressively
higher accuracies are attained. Furthermore, the
accuracies at off-centerline locations are higher than
that at the centerline.

Since the wake velocity field is actually peripheral
to the main focus of the present research, it is reason-
able to employ as simple a model for the wake as is
consistent with acceptable accuracy for the approach

flow at the second plate. In view of the foregoing
discussion, it appears that the conventional boundary-
layer equations are entirely satisfactory provided that
consideration is given to spacings S/L = 1. This
approach has been adopted here.

ANALYSIS AND SOLUTIONS

The analysis is based on the incompressible
boundary-layer equations for x-momentum (without
pressure gradient) and energy, plus the continuity
equation. When these equations are recast in suitable
dimensionless form, two parameters are encountered,
namely, the relative separation distance S/L between
the plates and the Prandtl number Pr. The usual no-slip
and impermeability conditions, u = v = 0, are imposed
at the surfaces y = 0 of both the upstream and down-
stream plates, whereas du/Cy = v = 0 along the wake
centerline y =0 due to symmetry. The surface tem-
perature of both plates is T,, and along the wake
centerline 4T/0y = 0. At the edge of the boundary
layer,u—» U, and T — T.

The solution of the problem was carried out
numerically by the use of Patankar-Spalding method
[5]. This solution procedure involves step-by-step
marching in the streamwise direction. In the present
problem, the marching was initiated at the leading edge
of the upstream plate and was continued along the
length of that plate, through the wake, and along the
length of the downstream plate.

Special provisions had to be made to accommodate
the processes which occur near the leading edge of the
downstream plate. In that region, a new boundary layer
develops within the already existing, relatively thick
boundary layer spawned by the upstream plate and the
wake. The need for special treatment of this situation
arises because the deployment of the grid points across
the boundary layer is automatically tailored by the
solution method to accommodate the thick boundary
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layer in the flow approaching the downstream plate.
As a consequence, there would be too few grid points
near the wall to accurately describe the development
of a new, relatively thin boundary layer. Additional
grid points were, therefore, implanted in the wall region
of the downstream plate, and computational experi-
ments were performed to ensure that the results were
insensitive to the number of such points and their
deployment.

Velocity and temperature solutions were carried out
for relative plate spacings S/L of 1, 2, 5 and 10, with
the Prandtl number being fixed at 0.7. This variation
of spacing gives rise to significant changes in the
velocity and temperature profiles in the flow approach-
ing the downstream plate. The velocity profiles in the
approach flow (i.e. at x = 0) are illustrated in the upper
left panel of Fig. 2 for the extremes of S/L =1 and 10.
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flux corresponding to the uniform approach flow may
be denoted by 7, and gy, where

to/pU% = 0.332/(Uy x/V)'7,
Gox/k(T, — T,) = 0.293(U, x/v)*/%.

With these, the ratios t/to and g/g, may be evaluated,
with both numerator and denominator corresponding
to the same Reynolds number and the same streamwise
location x.

The /7 and g/q, ratios are plotted in Fig. 1 as a
function of the dimensionless streamwise coordinate
x/L, with S/L as curve parameter. The wall shear and
heat flux results are respectively represented by solid
and dashed lines. It is seen from the figure that the
effect of the approach-flow nonuniformities is to reduce
the wall shear and heat flux relative to their values
for a uniform approach flow. The greatest reductions
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F1G. 2. Evolution of the velocity profiles along the downstream plate.

As is shown there, the effect of elongating the wake
region is not only to flatten the velocity profile but
also to thicken the boundary layer. Thus, whereas the
velocity at y = 0 for the S/L = 10 case is substantially
larger than that for the S/L =1 case (the respective
u/U, values are 0.877 and 0.644), the situation is
reversed at larger y. The temperature profiles at x = 0,
when represented in terms of (T— T, )T, —T,), are
very similar to the velocity profiles at x = 0.

RESULTS AND DISCUSSION

The response of the skin friction and heat transfer
on the downstream plate to the just-discussed
approach-flow nonuniformities will now be examined.
The numerical solutions provide values of the local
wall shear stress 7 and local heat flux g as a function
of position along the plate. These z and g values will
be compared to those for a conventional flat plate
boundary layer where the velocity and temperature in
the approach flow is uniform. The wall shear and heat

occur just downstream of the leading edge (ie. at
small x), where 7/t and g/q, values as low as about
0.5 are in evidence. With increasing downstream dis-
tance, 1/1o and ¢/go increase toward unity, as the
memory of the approach-flow nonuniformities wanes.
The close proximity of the solid and dashed lines
indicates that the wall shear and heat flux ratios are
affected to about the same extent, which is in keeping
with the fact that the temperature solutions correspond
to a Prandtl number near unity.

Figure 1 contains certain noteworthy findings. One
of these is the streamwise extent of the plate that is
influenced by the approach-flow nonuniformities. The
region where t and g are affected by more than 5%
extends from x/L =0 to 15-35 (depending on S/L).
Effects that exceed 2%, are encountered between
x/L =0 to 40-100. Therefore, it appears that the
memory of the initial nonuniformities lingers for a
considerable distance along the plate.

The behavior of the results for the various spacing
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ratios is also worthy of note. At small values of x/L,
the 1/7o and g/qo curves are arranged in monotonic
order with S/L, proceeding from lower to upper as
S/L increases. With increasing downstream distance,
the curves cross, so that for x/L > ~ 10, a new
monotonic ordering is established which is reversed
from that which initially prevailed.

In appraising this behavior, it is relevant to examine
the evolution of the velocity and temperature profiles
along the plate. Figure 2 shows the velocity profiles
at x/L = 0 (approach flow), 1, 5 and 10 for S/L = 1 and
10 (the temperature profiles exhibit a similar trend and
are not shown). Just upstream of the leading edge,

results are presented in terms of the ratios D/Dy and
Q/Q,, where Dy and Q, pertain to a uniform approach
flow. The D/D, and Q/Q, ratios are plotted in Fig. 3
as a function of x/L, and the curves are parameterized
by S/L. As expected, the most significant effects of the
approach-flow nonuniformity are in evidence at small
and moderate x/L. As x/L increases, the curves tend
to increase toward D/Dgy = Q/Q, = 1, but the rate of
approach is quite slow. Thus, even at x/L = 200, D/D,
and Q/Q, are less than 0.95 for all the spacings S/L
that were investigated. The influence of the initial
nonuniformities on the drag and overall heat-transfer
rate is, therefore, rather far reaching.
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F1G. 3. Response of the drag force and overall heat-transfer rate to nonuniformities in the approach flow.

x =0 and small y, it is seen that smaller velocities
are associated with lower values of S/L. It is, therefore,
reasonable that smaller values of t/to and g/qo should
correspond to smaller values of S/L, at least near the
leading edge.

With increasing downstream distance, the initial
relationships between the velocity (and temperature)
profiles for the various S/L are markedly modified by
the growing boundary layer, as can be seen in Fig. 2.
In particular, in the near-wall region, larger velocities
are ultimately associated with lower values of S/L. It
is the rearrangement of the near-wall velocities which
brings about the change in the ordering of the curves
of Fig. 1 as a function of S/L.

Results have also been obtained for the drag D and
overall heat-transfer rate Q defined as

D-—-[ tdx, Q=J gdx (3)
0 0

per unit span. In order to avoid possible inaccuracies
associated with the integration of T and g at small x
values, D and Q were respectively evaluated by dif-
ferencing the momentum and enesrgy fluxes at x = x
with those at x = 0. The quantities D, and Qo were
obtained by direct integration of equation (2). The

The curves of Fig. 3 do not cross as do those of
Fig. 1. This is because the integrated quantities of Fig. 3
are strongly influenced by the large differences among
the 7 values and among the g values for the various
S/L at small x/L. It may also be noted that the D/D,
and Q/Q, curves lie below those for t/7 and g/qo,
which is consistent with the fact that the latter take
on their smallest values at small x/L and increase with
increasing downstream distance.

CONCLUDING REMARKS

The results of the present analysis have demonstrated
that the presence of velocity and temperature non-
uniformities in the approach flow can have a significant
effect on the wall shear and heat transfer in a flat plate
boundary-layer flow. Even for moderate nonuniform-
ities, reductions in shear and heat flux of up to 507,
relative to those for a uniform approach flow were
encountered. The extent of the reductions diminishes
with increasing downstream distance, but non-
negligible effects persist to a considerable length along
the plate.
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EFFETS DE LA NON-UNIFORMITE DE VITESSE ET DE TEMPERATURE
DANS L’'ECOULEMENT D’APPROCHE SUR L’ECOULEMENT DE COUCHE
LIMITE ET SUR LE TRANSFERT THERMIQUE

Résumé—On étudie I'écoulement laminaire et le transfert thermique sur une plaque plane soumise a des
profils non uniformes de vitesse et de température dans ’écoulement libre en amont. La plaque est située
dans le sillage laminaire d’une autre plaque. L’étendue des non-uniformités de I'écoulement d’approche
dépend de la longueur du sillage relativement a la longueur de la plaque d’amont. Il est constaté que
Ieffet des non-uniformités est de réduire le frottement pariétal et le transfert de chaleur sur la plaque
d’aval, par rapport au cas d’'un écoulement d’attaque uniforme. On a observé des réductions jusqu’a
cinquante pour cent. L’importance des réductions diminue quand la distance en aval augmente, mais des
effets non négligeables persistent pour une longueur considérable le long de la plaque.

DER EINFLUSS VON NICHTGLEICHFORMIGKEITEN DER
GESCHWINDIGKEIT UND DER TEMPERATUR IN DER ANSTROMUNG AUF
DIE GRENZSCHICHTSTROMUNG UND DEN WARMEUBERGANG

Zusammenfassung—Fiir den Fall ungleichformiger Geschwindigkeits- und Temperaturprofile in der
Anstromung wird die laminare Strémung und der Wérmeiibergang an einer ebenen Platte untersucht.
Die Platte befindet sich im laminaren Abstrombereich einer anderen stromaufwirts gelegenen Platte.
Der Ungleichformigkeitsgrad der Anstrémung hiingt vom Verhiltnis der Linge des Totwassergebietes
zur Linge der stromaufwirts gelegenen Platte ab. Infolge der Ungleichformigkeit werden sowohl die
Wandschubspannung wie der Wirmeiibergang vermindert, wobei Verringerungen bis zu 509, auftreten.
In Stromungsrichtung nehmen diese Verminderungseffekte ab, sie sind jedoch iiber eine betrichtliche
Plattenlédnge als nicht vernachldssigbar anzusehen.

BJIMSAHUE CKOPOCTH HABETAIOHIEIO ITOTOKA U HEOAHOPOJHOCTH
TEMITIEPATYPbl HA TEYEHHE B INTOTPAHUYHOM CJIOE U TEIUIOOBEMEH

Amnotamus — B cTaThe paccMaTpHBaeTCA TaMHHAPDHOE TeYEHHE H TEIUIOOGMEH Ha IUIOCKOM IL1aCTHHE
TIPH HEOAHOPOHBIX MPOUIIAX CKOPOCTH M TeMNEPaTyphl B HaberaromeM noroke. Ilnacruna rome-
eHa B JIAMHHapHbI# cliel Opyro#f IIacTHHbI, pACNOJIOXEHHOH BbiLe Mo TedeHHio. CreneHh He-
OAHOPOJHOCTH Haberalolero noToxa 3aBHCHT OT OTHOLIEHHA OJIMHBI CleJA K IJIMHE TUIACTHHEL,
PacloNoxeHHOR BBepx no TedenMIo. HalineHo, YTo HEOAHOPOAHOCTH CHIKAET KACATEILHOE HANDS-
XeHHEe H KOMpOHLMEHT TeI1006MEHa IUIACTHHBI, PACIIONOKEHHO) B Clelie, IO CPABHEHHIO CO 3Ha-
9YeHHAMM 2T OAHOPOAHOrO HaGeraouiero noroxa. MHOraa 3to CHwxeHHe HOcTHraer 50%,. Crenens
3TOTO BJIAAHMS YMEHBLIRETCH C YBE/HYCHHEM pAacCTOSHAA BHH3 MO MOTOKY, OOHAKO HPOJOIKAET
CKa3bIBATHCA HA 3H3YHTE/ILHOM PACCTOAHHH BAOb MIACTHHEL



